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Abstract—A simple method for inverting negative resistances of
nonphysical circuits generated from approximating rational func-
tions through vector fitting is proposed. This technique is applied to
three resonant antenna structures. The challenge of applying this
method to these structures lies in the accurate modeling of the ways
in which the different resonant modes are excited, some via coax-
ially feeding a rectangular patch along the diagonal, while others
via capacitively coupling energy from the driven patch to a para-
sitic patch. The equivalent circuits of these designs produce scat-
tering parameter results that are consistent with the fitted func-
tions. This methodology of resistance invertibility is a great tool
that can be used to model antenna designs with low order equiva-
lent circuits, drastically reducing the design time. In addition, valu-
able information that could aid in the optimization of microstrip
antennas can be quickly ascertained through these techniques.

Index Terms—Approximation order, equivalent circuit, mi-
crostrip antenna, rational approximations.

I. INTRODUCTION

THE continuing growth in the design and use of microstrip
antennas and resonator circuits for a wide range of shapes,

integrated modules and applications has necessitated the need
for increased research to fully interpret the physics behind the
structures. The use of computational methods, such as the finite
difference time domain (FDTD) [1], the method of moments
(MoM) [2], the finite element method (FEM) [3], and the trans-
mission line matrix (TLM) method [4], has aided in the un-
derstanding of microstrip antennas from the electromagnetics
viewpoint. These computational methods have been integrated
into commonly used computer-aided design (CAD) packages,
such as High Frequency System Simulator (HFSS) [5], Sonnet
Suite [6], and MicroStripes [7]. In order to take full advantage
of analyzing resonant structures and patch antennas, it is neces-
sary to couple these computational methods with circuit analysis
techniques that could potentially provide researchers with addi-
tional information to explain phenomena (such as higher-order
modes and parasitics) that may be present due to lossy sub-
strates or complicated discontinuities or metal surfaces. In the
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past, Garg et al. presented design equations for analyzing mi-
crostrip antennas based on the parallel resistor-inductor-capac-
itor (RLC) circuit representation [8]. Additionally, Pozar has ex-
plained how microstrip circuits can be represented by open-cir-
cuited half wavelength transmission lines [9]. The scat-
tering (S-) parameter data from these circuit representations do
not always agree with the data obtained from the computational
full-wave electromagnetic methods. Hence, there is a need for
improved circuit representations to bridge the gap between com-
putational and circuit analysis, while accelerating the design
process. Approximating rational functions through vector fitting
is a great tool that can be used to create equivalent circuits based
on scattering parameter data. A major limitation in the creation
of these equivalent circuits is the presence of negative resistors
which makes the circuit non-physical [10].

In this paper, a simple method is proposed that addresses the
issue of unphysical negative resistances and can be applied to
the design and analysis of single-port mode microstrip
antennas and other resonant structures for the extraction of
equivalent circuits that agree very well with full-wave EM
simulation software. After a brief discussion of approximating
admittance data with rational functions to generate a passive
circuit is presented, the proposed method of resistance in-
vertibility is discussed. From there, the proposed technique is
applied to two simple resonant patch antenna designs. Lastly,
some comments on the role of the order number and the number
of necessary iterations are presented.

II. APPROXIMATING A RATIONAL ADMITTANCE FUNCTION TO

GENERATE A PASSIVE CIRCUIT

The values of the lumped passive components for an equiv-
alent circuit are determined through the analysis of approxi-
mating rational functions by vector fitting. A brief discussion
on how this method works is posed in this section. A thorough
investigation on approximating rational functions by vector fit-
ting, enforcing passivity and generating a lumped equivalent cir-
cuit of passive elements is presented in [11] and [12].

The first step in this process is to acquire the scattering,
impedance or admittance parameter data versus frequency of a
design via full-wave electromagnetic simulation. There is no
rule for the number of frequency points that should be sampled,
but it is suggested to use no fewer than 100. Based on the
lumped network circuit model used in this paper that is derived
from a single-port admittance and to maintain consistency
with previously published articles, the scattering or impedance
parameter data has to be transformed to admittance parameter
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Fig. 1. Schematic of single-port equivalent circuit representation.

data. The importance of using this method for single-port
antennas is noted because many antenna applications require
single feed points. Then, a rational function approximation,

is used to approximate the admittance parameter data.
This function is shown below

(1)

where is a single frequency point , , and are
the residue and pole values, respectively from
where N is the number of poles (order of approximation), and
and are higher order coefficients. The residue and pole values
can either be real or exist in complex pairs (a complex number
and its conjugate). In the beginning, (1) is nonlinear since the
unknown poles, , are in the denominator. To convert this func-
tion into a linear one that could be solved with straightforward
techniques, the poles are transformed into known quantities by
giving them values at the beginning of the fitting process. These
are called starting poles , and they exist only at the start of
the evaluation. These starting poles allow , , and to be ob-
tained by linearly solving the matrix equation, , through
singular value decomposition (SVD). In addition, a new set of
poles, , are created through an additional step described in
[11]. After one iteration, the starting poles are replaced by this
new set of poles and , , and are solved again by SVD and
the process continues in an iterative manner depending on the
number of iterations desired in the fitting.

After the final , , , and parameters have been obtained,
these values are correlated to an equivalent circuit shown in
Fig. 1. Design equations for transforming these parameters to
the lumped elements of Fig. 1 are presented in [12] and [13],
while the concept of forming circuits from rational factors is
shown in [14]. The branch corresponds to a real pole,
while the branch represents a complex pole
pair. Often times in this circuit, the and components are
negative which makes the circuit nonphysical. Inverting these
resistances to positive values can be used in some cases to create
physical circuits without losing the profile of the admittance
(and hence, the scattering parameter) data. This method is dis-
cussed in the next section.

III. RESISTANCE INVERTIBILITY

In order to transform equivalent circuits with negative resis-
tance values to physical circuits, a new method is proposed. This

method involves inverting the negative resistances to positive
values. The circuit element that is used to determine whether
this method can be done is the value of . If the magnitude
of this value is less than around 100 , then both and
can be inverted to produce an accurate physical circuit. This is
a safe approximation based on analysis of generating circuits
with other values of , in which, the circuit did not correlate
well with the approximation. After analyzing the equivalent cir-
cuits of many antenna structures of various orders, it is observed
that the value of is important for obtaining an accurate cir-
cuit, but it is not significant in determining whether the inverting
technique can be used. The reason why and are exam-
ined is because often times, the final poles used to generate the
equivalent circuit fitted with an order between 2nd-Nth, often
result in at least one complex pole pair which is represented by
the branch.

In an attempt to develop a methodology for producing phys-
ical circuit from negative resistances, experiments were con-
ducted of many antenna configurations where the approxima-
tion order and iteration number were varied. From that exper-
imentation, the authors noticed a strong correlation between
low order approximations, first resonant mode structures, and
the value of is observed. The significance of using an order
number less than four to approximate simple antenna designs
has been discussed, but it was observed that the magnitude of
negative values of must be small (less than 100 ) for the
resistances to be inverted. Despite the fact that in some of the
other designs, the magnitude of the negative value is quite
large, the investigation showed that as long as the values of

maintain a small value the equivalent circuit
would still be accurate. In addition, extensive numerical experi-
ments demonstrated that after negative and values have
been inverted, one may still use positive resistance values within

5% of the inverted resistances to produce an equivalent cir-
cuit with insignificant variation in the S-parameter results. The
major limitation of this approach is the fact that this technique
is not systematic. In other words, the method does not con-
tain a physics-based approach, and therefore, it is expected that
this method may not provide accurate results for all geometries.
Nevertheless, it is stressed that this method can be used as a tool
to aid engineers in designing an actual passive circuit that can
be used to mimic the scattering parameter response of a patch
antenna.

IV. APPLICATIONS

The proposed method of inverting resistances is applied to
the simulated designs of two microstrip patch antennas oper-
ating at around 2.4 GHz. The first structure is shown in Fig. 2.
The patch has a length , of 950 mils and a width ,
of 1050 mils. The substrate is a 76 mil thick layer of LTCC
( , ). The S-parameters were obtained
through simulation using MicroStripes 7.0, a 3D full-wave sim-
ulator that uses the TLM method to solve for the electromag-
netic fields. After transferring the S-parameters to admittance
parameters, the data was fitted to a 4th order approximation
using the following starting poles: and

. Lower orders of approximation of the admit-
tance data were inaccurate and higher orders are unnecessary.
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Fig. 2. Illustration of simple microstrip antenna.

TABLE I

Three iterations were carried out in this fitting process. The 4th
order approximation produced two complex pole pair branches
as well as a resistor branch and a capacitor
branch . Table I show the passive component
values of the complex pole pair branches.

In this table, the existence of negative resistor values is
present. Consider the fact that the antenna being modeled has
a dominant mode. Therefore, the technique of inverting
the negative resistance values to positive resistance values is
applied, hence, obtaining a physical equivalent circuit. Through
experimentation, it has been observed that this technique works
exceptionally well with conventional microstrip antennas with
dominant resonant modes predicting accurately the
resonant frequencies/bandwidths as well as the magnitude of
the return loss. Agilent ADS2005 was used to simulate the
equivalent circuit. A comparison between the S-parameters of
the positive resistance circuit and versus frequency is
shown in Fig. 3. The positive resistant circuit agrees well with

. The magnitude deviation is on the order of .
Next, a microstrip antenna with tuning capacitors was sim-

ulated with a two resonant frequencies around 2.4 GHz. This
schematic of this antenna is shown in Fig. 4. By feeding the
antenna along the diagonal of the patch, two resonant modes
are excited ( and ). The dimensions of the antenna
are the same as that of the antenna in Fig. 2. The value of
both capacitors is 280 fF. After the admittance data was ac-
quired, an 8th order approximation was applied using three iter-
ations. The starting poles for this fitting are ,

, , and .
This approximation produced four complex pole pairs, a resis-
tive branch , and a capacitor branch

Fig. 3. S-parameter plot comparing the fitted function (y (s)) and the positive
resistance equivalent circuit (1st row) and its magnitude deviation (2nd row) of
patch antenna at around the 2.4 GHz band.

Fig. 4. Illustration of a microstrip antenna with tuning capacitors.

. Table II shows the component values of the com-
plex pole pair branches.

The resistors in these branches are inverted, and the circuit
is simulated. The return loss versus frequency for the inverted
circuit and is displayed in Fig. 5. There is a disagreement
in the return loss around 2.32 GHz, but this discrepancy is on the
order of .

V. SIGNIFICANCE OF APPROXIMATION ORDER AND NUMBER

OF ITERATIONS

When an equivalent circuit is created, the number of passive
elements used is dependent on the order of the approximation;
hence, it is necessary to discuss the significance of this order.
Upon performing research on many antenna designs, including
the ones presented in this paper, it is concluded that there is
a tradeoff in the order number that is selected. If the order
number is too small, it may be difficult to fit the peaks that
exist in the admittance data. On the other hand, if the order
is too large, more branches are created which can lead to
more negative resistances that are too large to be inverted.
Of course, the number of poles will depend on the order
number . The significance on the
number of iterations used in the fitting process is small if the
magnitudes of the starting poles lie in the frequency range
of the approximation. (If the approximation is between 1–2
GHz, for instance, then the magnitude of the starting poles
must lie between 1–2 GHz.) The passive elements produced
by the fitting tend to stabilize after the 2nd or 3rd iteration.
The antenna in Fig. 2 was fit using one through five iterations.
One circuit was simulated for each number of iterations. The
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TABLE II

Fig. 5. S-parameter plot comparing y (s) and the positive resistance equiv-
alent circuit (1st row) and its magnitude deviation (2nd row) of the design in
Fig. 4.

passive element values of the 3rd iteration are similar to those
of the 4th and 5th iteration. Therefore, the circuits generated
after the 2nd iteration had the best match to the approximated
function with the smallest computational overhead.

VI. CONCLUSIONS

A simple method of inverting negative resistances in the
equivalent circuit modeling of dominant mode microstrip
antennas is proposed. After a specific topology of the studied
design is simulated using computational electromagnetic
solving techniques, the admittance data is approximated by a
rational function through a process called vector fitting. The
passive elements are generated from the rational function and
applied to two patch antenna designs operating at around 2.4
GHz. When resistance invertibility is enforced, the equivalent
circuit of this structure agrees well with the approximated
function. Future work will focus on applying these methods
to generate circuits to fit the parasitic effects of complex
two-port antennas and high Q resonant structures with accurate
models. These techniques have the potential to be used in the
understanding of electromagnetic structures by analyzing the
electrical performance of the equivalent circuit.
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